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Abstract
I propose a prescription for separating the high-energy and low-energy con-
tributions in eective eld theories. This prescription allows for a relativistic
treatment of matter elds in chiral perturbation theory while the power count-
ing remains valid.
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It is now widely believed that all our present realistic eld theories are nonrenormaliz-
able in the sense that terms violating the Dyson criterion may be permissible [1{5]. The
standard model is presumably what we get when we integrate out modes of very high en-
ergy from some yet unknown theory. Similarly, quantum chromodynamics (QCD) underlies
low-energy hadronic eective eld theories. Despite the presence of an innite number of
free parameters, such low-energy theories are useful for perturbative calculations in powers
of the energy [6,7].
Low-energy eective lagrangians may be considered in terms of Wilson’s operator-
product expansion [8], where the eect of the high-energy modes is put in the coecients
and the low-energy modes are introduced as elds or operators [2]. The high- and low-energy
contributions are sometimes called the hard and soft parts respectively. An intuitive way
to separate the hard and soft parts is by introducing a momentum cuto. Unfortunately,
the cuto regularization does not preserve symmetries such as local gauge invariance in
continuum theories. Furthermore, the cuto regularization may require counterterms that
depend on powers of the cuto, which could complicate Weinberg’s power counting [6,9].
To avoid dealing with such counterterms, we may use dimensional regularization. In an
eective theory without heavy particles, regularization in d dimension can still give rise to
hard-momentum contributions, which appear as poles at d = 4. We need to resort to renor-
malization to absorb these hard contributions into the coecients of the lagrangian. Thus,
the dominant contributions in any Feynman diagram after renormalization come from soft
momenta. This inference allows us to assume that the typical loop momenta are soft when
we make the power counting of loops, as in Weinberg’s work.
Although power counting works well in chiral perturbation theory (ChPT) [6,7] in the
pion sector, it fails, as is well known, if the nucleon is included relativistically [10]. This
is not surprising because the standard mass-independent renormalization scheme does not
remove large-momentum loop contributions from heavy particles, such as the negative-energy
nucleons. These hard contributions invalidate the power counting because the assumption
that the loop momenta are soft does not hold anymore. To recover power counting, Jenkins
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and Manohar [11] propose the so-called heavy-baryon ChPT, by introducing a nucleon four-
velocity and taking the heavy-baryon nonrelativistic limit at the lagrangian level. Weinberg
[9] has also introduced a similar nonrelativistic formalism for the nucleons in discussing the
nucleon{nucleon potential.
Although heavy-baryon ChPT has been successful in many applications, it is useful to
have a relativistic formalism. In a relativistic formalism, we do not need to keep track of
various sets of terms of 1=M corrections resulting from the nonrelativistic reduction of the
lagrangian, where M is the nucleon mass. Furthermore, a relativistic formalism may provide
new insights into the momentum expansion. For example, I shall demonstrate that loops
may generate divergences to all orders and yet the power counting is still valid|a claim
that may supprise some practioners in CHPT. A relativistic description also signicantly
simplies the nite-density problem, where the 1=M corrections are important. Indeed, the
relativistic many-body hadronic theory, so-called quantum hadrodynamics (QHD) [12], has
been quite ecient for calculations in nuclear matter and nite nuclei.
It is thus desirable to have a relativistic formulation of ChPT for matter elds with the
power counting maintained; here the term matter elds refers generically to non-Goldstone
boson and baryon elds. To achieve a relativistic formalism, we must absorb the vacuum-
loop contributions from matter elds into the coecients of the lagrangian. We may imple-
ment this absorption by isolating the vacuum heavy-hadron contributions at the Feynman-
diagram level and introducing counterterm contributions, in contrast to removing the heavy
eld components at the lagrangian level. This idea of putting the vacuum contributions
of heavy hadrons into the coecients has been adopted in Ref. [13] for absorbing the vac-
uum one-baryon-loop energy of nuclear matter into the scalar potential. Since the poles at
large momenta from heavy hadrons are removed as counterterms, the typical loop momenta
become soft and the proviso of power counting is satised.
I emphasize that loops may generate divergences to all orders so that we may require
renormalizaton to all orders at any loop order. This requirement does not cause a problem
because the truncation of the lagrangian must be based on renormalized coecients; it is
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these renormalized coecients that should satisfy the naive dimensional analysis [14]. We
simply need to consistently retain terms of the same order as that of the renormalized loop
contributions, in contrast to keeping up to the highest order in which the loops generate
divergences. This point will become apparent because loops typically generates divergences
to all orders in the present relativistic approach.
In this Letter, I demonstrate that a relativistic framework of ChPT is feasible. I introduce
a well-dened prescription for separating the hard- and soft-momentum contributions in any
Feynman diagrams. The hard part can be absorbed into the coecients of the lagrangian so
that we only need to calculate the soft part in practice. The validity of the power counting
for the soft part allows a perturbative expansion in powers of the energy. As an illustration,
I perform a detailed calculation of the nucleon one-loop self-energy with a N intermediate
state. The results of heavy-baryon ChPT are reproduced in the limit of innite nucleon
mass.
Let Q stand for a generic soft momentum scale of the order of the pion mass m and
take the nucleon mass M to represent the typical large energy scale. We are interested in
applications where the space components of external nucleons are of order Q and virtual
nucleons that are not part of a closed fermion loop are nearly on shell. That is, if the four
momentum of such a virtual nucleon is k, k2 −M2 is limited to be less than order MQ.
Quantities of the order Q also include the pion external momenta and the mass splitting
(M−M) between the nucleon and the -isobar. Quantities of order M include the masses
of the non-Goldstone bosons and the , as well as the factor 4f with 4 coming from a
loop integral [15] and f  93 MeV being the pion decay constant.
A general prescription for separating the hard and soft parts of a Feynman graph G is
schematically written as
G = (G− R^S^G) + R^S^G ; (1)
where the S^ operator extracts the unrenormalized \soft" part of G and the R^ operator
renormalizes S^G in the standard way so that the residual hard contributions (in the form of
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poles at d = 4 in dimensional regularization) are further removed. The remaining (G−R^S^G)
is the hard part. We absorb this hard part into the coecients of the lagrangian.
The soft part S^G is obtained from the following rules:
 Take any loop momentum to be of order Q.
 Make a covariant Q=M expansion of the integrand of G.
 Exchange the order of the integration and the summation of the power series.
Note that, in general, we cannot exchange the order of integration and summation without
changing the results. Here I impose the exchange to separate G into the sum of the hard
and soft parts. After implementation of the above rules, only poles at soft momenta in
the integrand of G survive. This explains why the resulting R^S^G has only soft-momentum
contributions and the hard part (G− R^S^G) has only large-momentum contributions.
Because the hard part comes from large-momentum contributions, we can write it as
local counterterm contributions so that it appears only implicitly in the coecients. This
result is quite general and well known. It follows from the uncertainty principle as argued
by Lepage [1]. Large momenta correspond to short distances that are tiny compared with
the wavelengths of the external particles, so the interactons must be local.
Notice that the preceding prescription applies trivially to ChPT in the pion sector. Be-
cause we still only have two scales, Q and M , even in the presence of matter elds, the
validity of the power counting for a low-energy expansion is guaranteed. In most practical
calculations, we never need to calculate the hard part because it is cancelled by counterterm
contributions. Instead, we rst evaluate the soft part S^G and then renormalize it to yield
the loop contributions. We then combine these loop contributions with the tree-level contri-
butions, which we truncate up to the same order as the loop contributions in the momentum
expansion.
By way of example, I discuss in detail the nucleon one-loop self-energy of Fig. 1 which
has a N intermediate state. I shall calculate both the hard part and the soft part to
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FIG. 1. One-loop self-energy of the nucleon.
illustrate how the above prescription works. From the Feynman rules (see e.g. Ref. [16] for



















where  represents the isospin Pauli matrices, gA  1:26 is the axial coupling, and  is the
scale of dimensional regularization.
As mentioned earlier, we are interested in applications where the nucleon with four-
momentum k is nearly on shell so that (k2 − M2)=M is of order Q. According to the
prescription, we obtain the soft part of N by rst making a covariant Q=M expansion
of the integrand while taking the loop momentum q to be soft. Thus, we may expand the
nucleon propagator in powers of q=M :
1
/k + /q −M + i
=
/k + /q +M




2k  q + k2 −M2 + i
+   

; (3)
where the leading term is of order 1=Q and each succeeding term is suppressed by Q=M . We
do not expand the pion propagator because it is already in a form of order 1=Q2. Exchanging
the order of the summation and integration then gives the soft part.
When calculating physical quantities, we may truncate the expansion of the nucleon
propagator in (3) at an order that gives the desired accuracy. Here we notice that q2 in the
numerator of any integrand can be replaced with m2 in dimensional regularization (see e.g.
Ref. [17]) because Z
ddq
(q2)m
(2k  q + k2 −M2 + i)n
= 0 (4)
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for any integers m and n. This relation allows us to resum the series after the replacement
of q2 with m2 and to postpone the discussion of the 1=M expansion until the integral is
performed. It is instructive to perform such a resummation and obtain the one-loop self-









(/k +M)m2 − (2k  q +m
2
)/q
(q2 −m2 + i)(2k  q + k
2 −M2 +m2 + i)
: (5)
Clearly, the soft part S^N is of order Q3=M2 as follows from Weinberg’s argument [9]. This
exemplies the general applicability of Weinberg’s power counting to the soft parts of any
Feynman diagrams.




























































+ γ − 1− ln 4

; (9)
with Euler’s constant γ = 0:577   . As seen from (6), MSN is the self-energy renormalized
at scale  = m in the modied minimal subtraction (MS) scheme.
The divergences in (6) appear up to innite order in an expansion in powers of (/k−M)=M .
(Note that we can expand 1=k2 in powers of (/k −M)=M .) This is the same low-energy
expansion employed for the lagrangian (see e.g. Ref. [16]) except that we allow for the use
of eld redenitions [9,18] to remove higher derivatives on the nucleon elds in favor of N
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and NN interaction terms. For example, we allow counterterms such as 1
M
N(/@ −M)2N ;
although in practice this counterterm is reduced to other interaction terms by using the
equations of motion or eld redenitions [9,18]. Thus, we can absorb all the divergences
into the innite number of coecients in the lagrangian. As emphasized before, we do not
invalidate the power counting even though we need an innite number of counterterms for
any loops.
Note further that MSN is non-analytic and so it cannot be absorbed into the coecients
of the lagrangian. This result is consistent with the expectation that the coecients should
contain only high-energy contributions. Finally, taking the innite nucleon mass limit, we
can verify straightforwardly that Eq. (6) reduces to the corresponding result in heavy-baryon
ChPT, as in e.g. Ref. [19].
It is reassuring to verify that the hard part can be absorbed into the coecients of the
lagrangian. I verify this claim here by performing the integral in (2) directly. After some













































which is indeed expandable in powers of (/k−M)=M . Notice, however, that the rst term in
(10) is of O(M) and the second one is of O(Q2=M), both of which are of higher order than
the soft part, which is of O(Q3=M2). This result is consistent because the hard part comes
from high-momentum contributions that spoil the power counting.
Although the MS scheme may be sucient for the non-renormalizable higher-order terms,
we should perform mass and wave-function renormalizations on the nucleon mass shell be-
cause the nucleons are physically observed. Thus, we need further mass and wave-function















(/k −M) : (11)
In a non-renormalizable theory, generalizing the wave-function renormalization, you might
argue for on-shell renormalization of the coecients of terms of all powers of (/@ −M). This
scheme would result in the subtraction of the whole MSN (k), yielding a vanishing nucleon one-
loop self-energy. In other words, the soft part would also have been put into tree-level terms,
which would result in unnatural coecients and invalid truncations: the naive dimensional
analysis [14] would not be valid for the renormalized coecients. Thus, even though we
renormalize the mass and wave function on shell, we employ a mass-independent scheme to
renormalize the nonrenormalizable terms that violate the standard Dyson criterion.
The prescription for separating the hard and soft parts in an eective eld theory with
matter elds is very general, although I have provided a detailed illustration only for a
particular diagram of the nucleon one-loop self-energy. Not only does the prescription lead to
the standard ChPT in the pion sector, but also it reproduces the heavy-baryon ChPT in the
appropriate limit. Note that, in the relativistic formalism of Ref. [10], the negligence of closed
fermion loops is not justied within the framework of eective eld theories. It is, however,
not hard to see that with the present approach closed fermion loops have vanishing soft
contributions. Also, because we do not have to introduce a nucleon four velocity as in heavy-
baryon ChPT, we have a compact relativistic lagrangian for the matter elds. I have further
demonstrated that the power counting is not invalidated by the requirement of counterterms
to all orders in the momentum expansion at any loop order. The present approach will allow
for wider applications of ChPT such as in relativistic many-body calculations of nuclear
matter and nite nuclei as well as in N and NN processes.
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